0. Introduction 



In some recent papers ([2], [3]) a broad class of differential equations, the relaxed 
Dirichlet problems, was introduced by G. Dal Maso and U. Mosco. The solutions 
of these problems describe the asymptotic behaviour of sequences of solutions to 
perturbed Dirichlet problems with homogeneous boundary conditions on varying 
domains as well as of Schrodinger equations with varying nonnegative potentials. 
These equations have the following formal expression 

Lu + /ml = v in Q (0-1) 

where O is a bounded open subset of M , N > 2, L is a uniformly elliptic op- 
erator with bounded (Lebesgue) measurable coefficients in M N , fx belongs to the 
space A^o(^) of all non-negative Borel measures on which vanish on sets of zero 
capacity and v is a Radon measure belonging to a suitable subspace Kn(Q) of 

A variational Wiener criterion for these problems has been formulated in [2]; 
this criterion is inspired by the classical one of potential theory ([18]). The main 
result in [2] is the characterization of the regular Dirichlet points of \x (i.e., the 
points xq of O such that every local weak solution u of (0.1) is continuous at xq 
with value u(xq) = 0) as the points where the Wiener modulus of li, defined by 

, m def / f R Cap (B p (xo),B 2p (xo)) dp\ 
W (r, R) = exp \- I Cap(SpW , B2pW) ~ J • (0-2) 

vanishes as r —>■ + , for some fixed positive R. 

In the same paper the necessity of the Wiener condition is proved when the 
dimension N of the space is greater or equal to 2. 

The proof of the sufficient condition is given by means of a joint estimate of 
the energy and the continuity modulus of local weak solutions for problem (0.1), in 
terms of the Wiener modulus, by making use of tools which require the hypothesis 
N > 3. Indeed, the proof of this estimate needs the equivalence between the Wiener 
criterion given in terms of annuli and in terms of balls. 

This equivalence can be obtained directly when iV > 3 by using the fact that 
the function j(p) = Cap(5 p , i?2p) is homogeneous of degree N — 2. The purpose 
of this paper is to give a proof of the previous estimate when iV > 2, having in 
mind some techniques already used by M. Biroli and U. Mosco ([1]) in the case of 
obstacle problems for degenerate elliptic operators. 

As a first step we will define the function 

V(r) d = sup u 2 + [ \Du\ 2 G x ldx+ [ u 2 G x £dLi, (0.3) 

B r (x ) J B r i J B r i 

where < q < 1 and G x ^_ is the Green function, with singularity in xq, of the 

i 

Dirichlet problem for the operator L in the ball B-ii_ (xq), and then we will establish 
the following estimate 

V(r) <Mr,RfV(R) + k\W\\ 2 KN{BR) , (0.4) 
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for any < r < R (R such that B2r(x ) C ft), where k and j3 are two positive 

constants and the norm of v is taken in the Kato space Kn(Br). 

We want to point out that the difference between our definition of V(r) and 
the definition given in [2] is that in (0.3) we use the Green function relative to the 
ball B2t{xq) instead of the fundamental solution in M N for the Laplace operator. 
It is the presence of the Green function, together with the estimates connected with 
the maximum principle, that will allow us to obtain estimate (0.4) avoiding the 
comparison between the capacity of the balls and that of the annulus. 

Then, as in [2], we obtain from (0.4) not only a proof of the sufficient Wiener 
condition, but also an estimate of the continuity modulus of the local weak solution 
of (0.1) in terms of the Wiener modulus. This estimate extends that one given by 
Maz'ja ([13] and [14]) in the case of regular boundary points for Dirichlet problems. 
In addition, we obtain also an estimate for the decay of the u — energy 

£ M (r)= f I \Du\ 2 dx + / u 2 dfx, 

in the ball B r as r — > + . 

Finally we specialize our result to the classical case, obtaining the continuity 
modulus estimate proved by Maz'ja and finding an energy decay estimate, at a 
point at the boundary, valid in dimension N > 2. 

Acknowledgments: we would like to thank professors U. Mosco and G. Dal 
Maso for their kind help and useful suggestions. 

This work is part of the Research Project " Problemi Variazionali Irregolari" of 
the Italian National Research Council. 

1. Notation and preliminary results 

In this paper ft will be a bounded open subset of M N , N > 2, ft its closure 
and <9ft its boundary. 

1.1. Sobolev spaces 

We denote by Lf 1,:P (ft), 1 < p < +oo, the Sobolev space of all functions u G 
LP (ft) with distribution derivatives D t u E L p (ft), i = 1, . . . , N. The space H^p{Q) 
is endowed with the norm 

i 

II u ||tfi, P (fi)= (|| u \\ P LP(SI) + || Du ||£ p(n) ) V , 

where Du = (Diu, . . . , D^u) is the gradient of u. By H^(Q) we denote the set of 
functions belonging to H 1,P (Q') for every open set O' CC fi. By Hq' p (Q) we denote 
the closure of C£(ft) in H 1 *^). As usual, for the space L 7l,2 (0), #^(0) and 
Hq' 2 (Q) we use the notations if 1 (ft), Hl oc {VL) and iL](ft). Moreover by if _1 (ft) we 
denote the dual space of iLj(ft) and by < •, • > the dual pairing between Lf _1 (ft) 
and iL](ft)- 
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Finally, for every u G and for every E open subset of fi, we denote by 

osceu = sup E u — mfgu the (essential) oscillation of u in E (i.e. the difference 
between the essential sup and the essential inf of u on E). 

We will say that u is (essentially) continuous at xq G if 



lim osc it 

p^0+ \B p (a;o) 

where B p {xq) (or B(p,xo)) is the ball of radius p and center xq. 
1.2. The harmonic capacity 

Let t4 be an open subset of The harmonic capacity of ^4 with respect to 
is defined by 

Cap(y4, O) = f inf | ^ |-D^| 2 dx : u <E Hq(Q), u > x A o.e. onfi| , 

where x A is the characteristic function of A. If the set {u G Hq(Q), u > x A a.e. on Q} 
is empty, we define Cap(y4, O) = +00. This definition can be extended to any subset 
E of Q in the following way: 

Cap(£, O) d = inf {Cap(A, O) : A open; AC]?}. 

We say that a set E of iR^ has zero capacity if Cap(i?flO, O) = for every bounded 
open set O of M N . Then, we say that a property holds quasi- everywhere in a set S 1 
(g.e. in 5), if it holds in S — E , where E is subset of S with capacity zero. 

We recall that for every function u of i7/ oc (0), it is possible to find a quasi- 
continuous representative. Then the limit 

lim — — / u(x) dx 
P ^o+ \Bp\ J Bp (x ) 

exists and is finite quasi-everywhere in O (\B p \ is the Lebesgue measure of B p (xq)). 
Therefore we can determine the pointwise value of u G i7 1 (0) using, for every 
Xq G O, the following convention: 

liminf — — I u(x) dx < u(xq) < limsup — — / u(x)dx. (1-1) 
P ^o+ \B p \ J Bp (x ) P ^o+ \ B P \ Jb p (x ) 

If O is bounded it is possible to prove that 

Cap(£,fi) = inf jy \Du\ 2 dx : u G H^(Q),u> lq.e.onE^ , 
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for any set E CC 0. The function u G Hq(O) that realizes the minimum is said 
the capacitary potential of E in 0. It is easy to prove that u = 1 q.e. in E and 
-Aw = in fl - E. 

1.3. The Green function 

Let us consider a second order elliptic differential operator in divergence form 

N 

Lu = -J2 D i( a ij D i u )i ( L2 ) 

M = l 

where a^-, z,j = 1, . . . , N, are measurable, real valued functions such that 

3A > : \aij(x)\ < A a.e. inO, (1.3) 
and that the following uniformly elliptic condition 

N 

«*i (••'*•)££.•/ > A|^| 2 a.e. inO, V£ G iR N , (1.4) 
holds for some A > 0. The bilinear form on i7 1 (0) associated to L is denoted by 

JV 

a(-u, t>) = / dij(x)DiuDjV dx. 



We define the Green function G(x,y) (or G y (x)) for the Dirichlet problem in 
O relative to the operator L as the unique solution in Hq ,p (Q), with 1 < p < -j^zj, 
for the equation 

o(0, G y ) = 0(y) , V0 G i^Q (O) n C(fi) with L0 G C(fi) . 

It is well known that G(x,y) G if 1 (0 — B r {yj) for every r > 0, that it is Holder 
continuous on every compact subset of O x O — {(?/, y) : y G 0} and that vanishes 
q.e. on dfl. Moreover, for every measure fx G i/ _1 (0), the function 

u (v) = / G{x,y)dp,{x) 
Jo. 

is the unique solution in Hq(Q) of the equation 

a(w,0) = / <f>dfjt, V</> G C^(fl). 
Jo. 



We also recall that, if fi is a ball, say Q, = Br(xq), for every < q < 1 there exists 
a constant K > 0, depending only on q and N, such that for every y G Br(xq) and 
r > 0, with Br(y) C Br(xq), and for every x G dB r (y) the following estimate holds 



A- 1 ^- 1 A _1 .K" 
Cap(B r (y),B R (x ) - G{x > y > ~ C*p(BM,B R (x y ( ' 5) 



where A and A are the ellipticity constants of L. Moreover there exists a positive 
constant a, depending only on j and N, such that, for every x,y G Br(xq), 

G(x,y)<j\x-y\ 2 - N (1.6) 

if JV > 3, and 

G(x,y)<^ log p^-r (1.7) 
A |x — y| 

if A/" = 2. For the main properties of the Green function and for a proof of estimate 
(1.5) see [16], [12] and [5]. 

Let us return to an arbitrary bounded open set fi. For every y G fi and 
p > such that B(x,p) C fi, we define the approximate Green function G p (x,y) 
(or G y (x)) as the unique solution in Hq(Q) of the equation 

l^pU/Jl JB p {y) 

Thanks to De Giorgi-Nash theorem, G y p is Holder continuous for every p > and G y p 
converges uniformly to G y , as p tends to zero, on every compact subset of fi — {y}. 



1.4. Kato measures 

The Kato space K N (Q) is the set of all Radon measures v on fi such that 



lim sup / \y — x\ 2 N d\u\(y) = 

^o+x6ninnB r (x) 

if iV > 3, and 

lim sup / log d\u\(y) = 

r^0+x€Q JnnB r (x) \V ~ x \ 

if N = 2, where |z/| is the total variation of v. With K l £ c (Q) we denote the set of 
Radon measures v on fi such that ^ G Kn(Q,') for every open set fi' CC fi. 
In ifjv(fi) we can define the following norms 

II v \\k n (Q) = f sup / \y - x\ 2 ~ N d\u\(y), 
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IMk 2 (n)= sup / log, ;d\i/\(y), 

the former when N > 3 and the latter when N = 2. With this norm Kn(Q) is a 
Banach space (see. [2], Proposition 4.6). From the definition of K N (Q) it follows 
that 

lim + II v \\ KN {B r {x))= 0, 
for every z/ G Kn(Q) and £ G fi. Moreover if v G -Kjv(^), then z/ G and 

II ^ Hh- 1 ^)- ^ II ^ IUjv(n)' 

where k is a positive constant depending only on the dimension of the space, i.e. 
-ftOv(O) C if _1 (0) with continuous imbedding. 



1.5. Relaxed Dirichlet problems 

By JAq(Q) we denote the set of non-negative Borel measures ^onO such that 
n(E) = for every Borel subset E of Q of capacity zero. 

The problem we consider have the following formal expression 

Lu + uu = f in Q, 

where u G Mo(fl), f G H^(Q) and L is the operator defined in 1.3. These are 
called relaxed Dirichlet problems. 

Definition 1.1. We say that u is a local weak solution of the relaxed problem 

Lu + uu = f in Vt (1-8) 

if 

u e Ht oc (Q) n Ll c (n,v) 

and it satisfies the following variational equation 

a(u,v)+ / uvdu={v,f) 
Jn 

for every v G H 1 (Q) D L 2 (Q,ii) with compact support in O. 

In (1.9) and in all other expressions of this kind we always choose the quasi- 
continuous representatives for u and v. So, since a G Mo(ty (i-e. it vanishes on set 
of zero capacity), the integral with respect to u is well defined and does not depend 
on the choice of such representative. 

Definition 1.2. Given g G if 1 (0) and / G H^l(fl), we will say that u is a 

weak solution of the relaxed Dirichlet problem 

j Lu + uu = f in O 
\u = g on dfl 
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(1.9) 



(1.10) 



if u is a local weak solution of (1.8) and u — g £ Hq(Q). 

Theorem 1.1. Suppose that f G i7 _1 (0) and that there exists a function 
w G i7 1 (0) fl L 2 (fi, fx) such that w — g G Hq(Q). Then problem (1.10) has one and 
only one weak solution u. Moreover we have u G i7 1 (0) fl L 2 (Q,fx) and 

a(u,v)+ / uvdfi=<v,f> 
Jn 

for every v G Hq(Q) n L 2 (Q,fx). 

If L is a symmetric operator, the solution u is the unique minimum point of 
the functional 

F(v) = a(v,v) + / v 2 dfx - 2 < f,v > 

in the set V(g) = {v E H 1 (ft) : v-ge H^(tt)}. 

Proof. See [2], Theorem 2.4 and Proposition 2.5. □ 

1.6. The jU-capacity 

Let fx belong A4q(Q) and let L be the elliptic operator defined in 1.3. Let 
E C O be a Borel set and let /ig bea Borel measure in O such that, for every Borel 
set SCO, fx E (B) = fx(B n E). If fx G -M (O), then fx E G 7W (^) for every Borel 
subset E of O. 



by 



Definition 1.3. For every Borel set BCO, the fx-capacity of .E in fi is defined 

Cap M (£,n) d = minjy |Dw| 2 cfa; + ^ w 2 d/i S : u - 1 G | . 

We recall the main properties of the ^-capacity. 

Proposition 1.1. Let u, v G .Mo(O), ^ei i? and F be Borel subsets of 0, and 
let Q' be an open subset ofQ. Then 

(a) = Cap M (0, O) < Cap M (£, O) < Cap(£, O); 

(b) ifECF then Cap M (£, O) < Cap M (F, fl); 

fcj Cap M (£ UF,0) + Cap M (E n F, O) < Cap^(£, O) + Cap^F, Q); 

(d) pcfl'CO tfien Cap M (£, O) < Cap M (£, fi'); 

(e) if fi<v then Cap^(£,Q) < Cap„(.E7, O) . 

Finally we recall a Poincare inequality, involving /i-capacity, that will be useful 
in the following. 

Theorem 1.2. There exists a constant k > 0, depending only on N, such 
that, given xq G M n and r > 0, the following inequality holds for every u G 
H\B r {x Q )) 



u 2 dx < 



k 



,N 



Cap^(S r ,S 2r ) 



Du\ 2 dx + I u A dfx 



B r 



For a complete treatment of the arguments in 1.4, 1.5 and 1.6 see [2] and [3]. 
2. Wiener Criterion for relaxed problem 



We are going to study the behaviour of the local weak solution of a given 
relaxed problem in some special points: the regular Dirichlet points. 

Let O be an open bounded set of 1R N . Let L be the second order elliptic 
operator in divergence form defined by (1.2) with bounded coefficients satisfying 
conditions (1.3) and (1.4). 

Let p G Mo(Q), x G O and R > such that B R() (x ) C O. 

Definition 2.1. We say that xq G O is a regular Dirichlet point for the 
measure p in O if every local weak solution u, in a arbitrary neighbourhood of xq, 
of the equation 

Lu + pu = 0, (2.1) 

is continuous in xo and u(xq) = 0. 

We recall that for the definition of the pointwise value of u we use the convention 
(1.1). 

Definition 2.2. For every < r < R < R , we define the Wiener modulus 
of fi in xq by 

dp 



( f 1 

u(r, R) = exp — / 



P 



where 

= Ca,p^(B p ,B 2p ) 

[P) CMB P ,B 2p ) 

for every < p < Rq. 

Remark 2.1. It is easy to verify that < 8{p) < 1 for every p > and that 
^ < u(r, R) < 1 for every < r < 

Definition 2.3. We say that x G O is a Wiener point for the measure if 

lim w(r,i2) = 0, (2.2) 

for some R > or, equivalently, if the following Wiener condition for the measure 
\i in xo holds 

do 

5{p) JL = +oo. (2.3) 



J 

Jo 



The following Wiener Criterion characterizes the regular Dirichlet points in 
terms of co(r, R). 

Theorem 2.1. The point xq is a regular Dirichlet point for the measure p, 
and the operator L if and only if xq is a Wiener point for p. 
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As mentioned in the introduction, the proof of Theorem 2.1 was given in [2]. 
The proof of the necessity of the Wiener condition is valid for N > 2, but the proof 
of the sufficiency given in [2] holds only for N > 3. In the next section we shall 
prove an energy estimate (Thm 3.1) which is valid in the general case iV > 2, and 
from which the sufficiency of the Wiener condition can be obtained immediately 
(Thm 3.2). 

We want to point out that the notion of Wiener point for the measure p does 
not depend on the operator L. Therefore, Theorem 2.1 implies that the notion of 
regular Dirichlet point is independent of L. 

3. Energy estimate 

In this section an energy estimate, similar to that one given in [2], is proved 
under the general hypothesis N > 2. 

Let u be a local weak solution of the problem 

Lu + pu = v inQ, (3-1) 

where O is a bounded open set of M N , L is the elliptic operator defined by (1.2), 
(1.3) and (1.4), p G Mo(Q) and v G K l £ c (Q). We fix a point xq G O and a radius 
Ro > such that Br C O. For every p > we denote B p (xq) by B p ; the Green 
function for the Dirichlet problem relative to the operator L in the ball B p (xq) with 
singularity at x will be denoted by G x Bp {y) (or G x 3 ^ xo . 

Definition 3.1. Let q G (0, ^) be fixed with m > 1. For every r such that 
< y < R , we define the function 

V(r) d = sup u 2 + [ \Du\ 2 G x £dx+ [ v?G x £dp. 

B r (x ) J B r q J B r q 

Theorem 3.1. There exist two constants k > and (3 > 0, depending only 
on q, \, A and N , such that 

V(r)<ku(r 7 RfV(R) + k\\isf KN(BR) , 

for every 0<r<R<^<R . 

Before proving this theorem we note that as a consequence of Theorem 3.1 and 
of Lemma 3.2 we obtain the following result, with the same proof as in [2]. 

Theorem 3.2. If xq is a Wiener point for the measure p, then 
lim V(r) = lim u(x) = u(xq) = 0. 

If xq is a Wiener point for the measure p, then u is continuous at xq and 
u(xo) = 0. This result holds in particular for solutions of (3.1) with v = 0. Then 
Theorem 3.1 proves also the sufficient condition in the Wiener Criterion. 
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In this section k will denote a positive constant, independent of r and R, that 
can assume different values. We state some lemmas that will be useful in the proof 
of Theorem 3.1. 

Lemma 3.1. For every < q < 1 there exists a constant k > 0, depending 
only on q, X, A and N , such that 




sup |u| < k [ ^ / u dx J + k || v \\ Kn (b r ), 

x€B qR (x ) 

for every < R < Rq. 

Lemma 3.2. For every fixed < R < 2R and for every q such that < q < 1 
there exists a constant k > 0, depending only on q, X, A and N, such that 

V(qR)<k^ w I u 2 dx + k \\ u \\ 2 Kn(Br) . 

JB R -B qR 

For the proofs of Lemmas 3.1 and 3.2 see [2]. We give here, for the sake of 
completeness, the proof of the following lemma given in [1] for the case of obstacle 
problems with elliptic degenerate operators. 

Lemma 3.3. For quasi every z in and R > such that Br(z) C O, for 
every 7 > we have 

2A / \Du\ 2 G z B{tRz) dx + {u{z)f < (2 + 7) sup u 2 + 

JB vR {z) ->• >■- B tR (z) 

A f a 2 
+- / \M 2 G B {tR,z) dx + —\\v \\ 2 Kn(Br(z)) , (3.2) 

/ J B tR (z)-B pR (z) A 

with t E (l, |), p < |t, A is a positive constant depending only on X, A and N and 
a is the constant appearing in (1.6) and (1.7). 

Proof. Let G y p be the approximate Green function for G v B , tRz y Consider 

v = uG z p ip with p < \pR and ip the capacitary potential of B(pR, z) in B(tR, z) for 
the operator L, i. e., cp G HQ(B tR (z)), ip > 1 q.e. on B pR {z), and 

a((p,if>-(p) > e Hl{B tR {z)) with ^ > 1 q.e. onB pR (z). 

It turns out that ip = 1 q.e. on B pR (z) and that tp > q.e. on B tR (z) (see 
[16]). Since u G H^(B tR (z)) n L 2 (B tR (z), //) n L°° (B tR (z) , p) (Lemma 3.1) and 
G ^(^(zDnL 00 ^^),/!), then u G H^(B tR (z)) n L 2 (B tR (z), and 1; has 
compact support in O provided that we extend it to all iR^ in the trivial way. We 
can use i> as test function in the variational equation verified by u, obtaining 



N , N 

/ aijDiuDjUipG z p dx + / OijDiuDjGpipudx = 

iJ=1 JB tR (z) ' lJ = 1 JB tR {z) 
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/ uGpipdv— / u 2 G z pd/i — / (lijDiiiDjLpuGp dx < 

< / uG z p ipdv — / dijDiuDjipuGpdx. (3-3) 



By the definition of G p: we have 



1 



\B 



u 2 dx = 



P\ JB p (z) 
N 



1 ^ 

— — / u 2 ipdx= 2_, / CLijDi [u 2 Lp) DjG z p dx = 

\ B P\ Jb p (z) iJ=1 JB tR (z) 



N „ N . 

2 2_. / aijDiuDjGpipudx + / aijDiipDjG z p u z 



dx. (3.4) 



From (1.4), (3.3), and (3.4) it follows 



>B tR {z) 



N 

\Du\ 2 ipG z dx + \-^- [ u 2 dx < \ V / aijDiipDj (G z p u 2 ) dx+ 

Z I -Op I iB p ( 2 ) ^ iJ=1 JB tR (z) 



— / (aij+aji)DiuDjipuG z dx+ / uG z p tpdv = 

iij= lJB tR {z) ' ' JB tR {z) 

1 ^ 

= -a(ip,u 2 G z ) + / uG z ipdis-^2 / (aij + aji)DiuDj(puG z dx. (3.5) 

2 ' JB tR (z) ij=lJB tR (z) 

Now we know that m 2 G^ G H&(B tR (z)), Lip > 0, > 0, </? = 1 q.e. in B pR (z); 
thus, using the definition of G*, we obtain 

a{ip,u 2 G z p ) < a{ip,G z p ) sup = sup w 2 — — / 



Bt R (z) B tR {z) \B p 

Therefore from (3.5) and (3.6) we have 

1 



ipdx = sup -u 2 . 

Bt R (z) 



(3.6) 



2A 



JB tR {z) 



(pG z dx + 



\B, 



u 2 dx < 



P\ JB p {z) 



< sup u 2 + 2 uG p (pdv — 2 \^ / (ciij + a,ji)DiuDj(puG z dx. (3.7) 

B tR (z) JB tR {z) "' ij =1 JB tR (z) 

We can estimate from above the absolute value of the second term on the 
right-hand side of (3.7) as follows 



B tR (z) 



uG z Ap dv 



< 



sup |w| / G p d\u\. 

B tR {z) JB tR {z) 
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(3.8) 



Now we define 



w(y) 



B tR {z) 



G R (x,y)d\v\(x\ 



where G R is the Green function for the Dirichlet problem in B R (z) with the oper- 
ator L. The function w is the solution in B R (z) of the equation Lw = \vtR.\, where 



VtR (E) = v{E n B tR (z)) for every Borel set E C B t R(z). Then, using (1.6) and 
(1.7), we get 

From (3.8) we obtain 

uG z p (p dv 



a 



< w(x) < - || v \\ Kn (b r (z)) q.e.inB tR (z). 



Btn(z) 



sup \u\ 



N r 

< sup I it I 2_. / ctijDiwDjGpdx 

B tR {z) ij=1 JB R 



1 



B tR (z) \ B p\ JB p (z) 



a. 



wdx < sup \u\- || v \\k n (B r (z)) 



B tR (z) 



Finally, we estimate the last term of (3.7) using the Young inequality, the 
boundedness of the coefficients of L, and the fact that \Dip\ = q.e. in B pR (z): 

N f 

—2 2_. / ( a ij + dji)DiuDj(puG z p dx < 



< 4NA I \Du\\D<p\\u\G z dx < 

B tR (z)-B pR (z) 

2NA 



< 2NKr] I \D^\ 2 u 2 G z p dx + 



\Du\ 2 G z dx, 



' B tR (z)-B pR (z) V JB tR (z)-B pR (z) 

where r\ > is an arbitrary positive constant. As ip is the L-capacitary potential of 
B p r(z) in B tR (z), there exists a constant k, depending only on N, A, A such that 



/ \Dip\ 2 dx < - ^2 [ dijDiipDjpdx < kCap(B pR , B tR ) 

JB tR (z)-B pR (z) A ij=i^B tR (z) 

(see [16]). In the estimates obtained up to now we can pass to the limit as p — > + . 
From (3.7), applying the maximum principle to G z B ^ tR z y that is L-harmonic in the 
annulus B tR (z) — B pR (z), we obtain 

2A f \Du\ 2 G z B(tR , z) dx + u 2 (z)< 

JB pR (z) 

< sup u 2 + 2NAr) sup u 2 sup G z B(tR z) Ca,p(B pR , B tR ) + 

B tR (z) B tR (z) dB pR (z) 
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+^T~ I \ Du \ 2G B{tR,z) dx + 2 SU P Ht\\ v \\k n (b r {z)), (3-9) 

V J B tR (z)-B pR (z) B tR (z) A 

where for the pointwise value of u we use convention (1.1). Then it follows by (1.5) 

2A f \Du\ 2 G z Bmz) dx + u 2 (z)< 

JB pR {z) 



< (2 + 7 ) sup u 2 + - [ \Du\ 2 G z B{t ^ z) dx + ^ || v " 2 

B tR (z) 7 J B tR (z)-B pR (z) 



„2 



a 

B(tR,z) "I" II " UK N (B R (z))> 



where 7 = 2NA\- 1 ar] and A = 4iV 2 A 2 A~ 1 «. 

Since r\ > is arbitrary this concludes the proof of the lemma. □ 

Finally we recall the following integration lemma. For the proof see e.g. [15]. 

Lemma 3.4. Let V(p) be a non- decreasing function of p G (0, R], R > 
and S(p) be a function such that < S(p) < 1. Let q and k be two constants such 
that < q < 1, k > and let < r < qR. Suppose that 

for every p G |, i?| . TTien we /mi>e 

^(r) < k exp \ogq\~ 1 j\(p) V(R), 

where (3 = and ko = exp(/3). 

Proof of Theorem 3.1. We choose in (3.2) t = — — q, p = 2g, with q G 
(0, and m > 1 so that q < p < t and £ + g < 1. Then for every z G B q n(xo) we 
have B tR (z) C B R (x ) and 

SUp SUp M 2 < SUp M 2 . 

zeB qR (x ) B tR (z) B R {x ) 

We take in (3.2) the supremum for z G B qR (xo) and obtain: 

sup -u 2 < (2 + 7) sup u 2 + 

z£B qR (x ) B R (x ) 

A fa 2 
+ - sup sup G z BtR(z) \Du\ 2 dx+-^\\iy\\ 2 KN{BB) < 

7 z€B qR (x ) dB pR (z) J B tR (z)-B pR {z) A 

<(2 + 7 ) sup u 2 + \Du\ 2 dx+ 

B R (x ) nf^ap^tfp, ±f t ) JB R (x )-B qR (x ) 
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J2 II " \\K N (B R ) ■ (3- 11 ) 

For the last inequality we used the estimate (1.5) for the Green function and 
the fact that B p r(z) D B q n(xo) for every z G B q r(xo)- Moreover, we have by (1.5) 

Ur s 2 fl(x ) - Cap(5i,S 2 ) ' 
for every x G B R (x ) — B qR (x ); from (3.11) it follows that 

C f 

sup m 2 <(2 + 7) sup u 2 + — \Du\ 2 G x ^ 2R(xo) dx+ 

B gR (x ) B R (x ) 7 J B R (x )-B qR (x ) 



C f A 



(3.12) 



where Ci = 4AfT 2 A 2 A 1 cap^'Bt) anc ^ * n ^ e r ig' 1 t-hand side we added the integral 
with respect to the non-negative measure fx. In the sequel we will use the notation 



G n for G D °, 



By Lemma 3.2 we have 

\Du\ 2 G 2R dx+ J u 2 G 2R dfi < V(qR) < 



L 



< k 



R N 



/ u 2 dx + k || v \(k n (b r )— k' SU P u2 + k' II v 

J Bb-B„b -Br 



I^jv(Bh)' 



where we can choose k' > 1 arbitrarily large. Therefore 



SU P W 2 + || Z/ ||^(B fl )> ^2 



|D , u| 2 G r 2i? <ix + / u 2 G2R.dfj, 



qR 



(3.13) 



where C2 = p can be fixed arbitrarily small; this fact will be useful later. Now 
from (3.12) and (3.13) we obtain 



C, 



\Du\ G2ndx+ / u G2Rd\x 

B qR J B qR 



+ sup u < 

B qR 



C 

< (3 + 7) sup u 2 H 

Br 7 



|-Du| 2 G 2 fldaJ + 



B R — B qR 



J 

J B R —B q l 



u 2 G 2 r djx 



+ 



(3.14) 
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All the relations we established up to now hold for every R such that < R < 
^tt 1 . In particular if we fix R < ^rp, then they hold for every p such that < p < R. 
Fixed < r < qR, we want to start from (3.14), in order to arrive to a relation like 
V(qp) < i+k6(p) f° r evei T q < P < an d then apply the integration lemma. To 
obtain this we have to distinguish different cases. 

Consider first the case of fixed r and R such that r < qR and 



C 2 



\Du\ G2r dx + I u (j2r dp 



UB 



B r 



+ sup« 2 >2M|M|^ v(Bfi) , (3.15) 



with M a positive constant greater than all the constants appearing as factors of 



< P 



K N (B 

< R, 



in Lemma 3.1, in Lemma 3.2 and in (3.14). Therefore, for every 



we have 



M II v 



\K N {B P ) 



< 



C, 



I \Du\ G2 P dx+ / u 2 G2 P dp 

J B„ n J B nn 



+ — sup u 2 , (3.16) 

2 R 



where we took into account that, thanks to the maximum principle, G^l < G 2p . 
As 1 + < M, by (3.14) and (3.16) it follows that 



C2 

2 



/ \Du\ 2 G2 P dx+ / u 2 G2 P dp 

J B qp J Ban 

< (3 + 7) sup u 2 + 



1 2 

+ - sup u < 

2 R 



2 , ^1 



Bp 7 



£>u| 2 G 2 pcte + 



for every ^ < p < R. Now, after multiplication by 7, we 'fill the hole" of the annulus 
adding the term 



Ci 



/ l-Dw^G^p dx + / u 2 G2 P dp 

J B ao J B ao 



to both sides and we obtain 
1 



: (C 27 + 2C 1 ) 



/ \Du\ 2 G2 P dx+ / u 2 G2 P dp 

•J B ao J B ao 



7 9 
+ - sup u z < 
2 R 



< 7(3 + 7) supw 2 + Ci 



/ \Du\ 2 G2 P dx + / u 2 G2 P dp 

J B JB 



(3.17) 



Now we want to replace G 2p with G^ in the right-hand side of (3.17). We 
consider F = G-2±_ — G2 P and thus G 2 „ = G 2 P — F. From the definition of the Green 



r 2p — <J2p 



function, F is L-harmonic in S 2/9 and F = G2p q.e. on 5S 2p . It follows that 



min F > min F > min F — min G 2p > 



,2-iV 



i 2p 



0B 2p 9B 2p i Cap(5 2 ,i?2) 



(3.18) 
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Then by (3.17) and (3.18) we obtain 



-(C27 + 2C0 



\Du\ G2 P dx+ / u G<2 P d\i 



,7 2 ^ 

+ 77 SU P u — 
2 R 



<7(3 + 7) sup« 2 + Ci 

b 



/ |Z)u| 2 G2£ efe + / u 2 G2pdfi 
Jb d q Jb d 



Cap( J B 2 ,Sa)' 



„2-iV 



| Dm | dx + u dp 



B n 



(3.19) 



Therefore, applying Poincare inequality (see Theorem 1.2) to the last term of 
(3.19), we have 



Cap(B 2 ,B2)' 



\Du\ 2 dx + / u 2 dp 



B n 



< -K<J(p)— / u 2 dx, (3.20) 



where n is a positive constant depending only on q, A, A and N. Choosing Ci < 1, 
by (3.16) it follows that 

M || v f KN{Bp) < \v(qp), 

for every ^ < p < R. Since the constant /e which appears in Lemma 3.2 satisfies 
k < M, from Lemma 3.2 we obtain 

1 2 1 1 /" o 
-supw < -V(gp) < fc^ / u dx, 

2 s 9P 2 p JV J Bp 

with /c > 1 arbitrarily large. Then from (3.20) we get 



CiA- 1 ^- 1 p2 _ N 



Cap(5 2 ,S2)' 



\Du\ dx + u dp 



< -C 3 5(p)supu 2 , (3.21) 



with ^ < p < R, where C3 (as well as C<i) is a constant that can be chosen arbitrarily 

small. Then we can take, without loss of generality, C3 = ^£2- Therefore, by (3.19) 
and (3.21) it follows that 



-(C27 + 2C1) 



/ \Du\ 2 G2 P dx + / u 2 G2 P dp 

J B ao J B ao 



+ lh + lbC 2 6(p)]supu 2 < 

2 B qp 



< 7(3 + 7) SUpM 2 +Ci 



\Du\ 2 G2p dx + u 2 G2p dp 



(3.22) 
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By adding ±f£^ sup B u 2 to both sides of (3.22) we obtain 



(C27 + 2C!) 



/ \Du\ 2 G2 P dx + / u 2 G2 P d/i 



+ 



16 

+ c 2 



2Ci + § (7 + 15C 2 <5(p)) 



sup u < 



< 2 



16 



^1 + ^7(3 + 7) 
16 



sup m 2 + 2Ci 




Bp 





\Du\ G2pdx+ / it G2pdfj, 



L 



Then, since 7 is an arbitrary constant, we can choose 7 = C^p) < 1 and we 



get 



(2d + Cf <5(p)) 



/ \Du\ 2 G2 P dx + / u 2 G2 P d/j, 

J B ao J B ao 



+ 



16 



^ (2d + l -C 2 5{p)\ sup + 2d 



+ — (2Ci +C| 5{p)) sup « 2 < 

^2 B qp 



\Du\ 2 G2pdx+ / u 2 G2pd/u, 



I, 



(3.23) 



We now introduce the non-decreasing function U (p) defined by 

U(p) d = I \Du\ 2 G2p dx + I u 2 G2p dp + — — supu 2 . 

J B p q J B p q G 2 Bp 

From (3.23) we have 



U(qp) < 



2C 1 + \C 2 5{p) 
2C 1 + C 2 S(p) 



(3.24) 



c 

for every | < p < R. Since we can choose C2 such that -^h < 1 holds, then from 
(3.24) we obtain 

C 2 

for every ^ < p < R, with k = g^-. Therefore by Lemma 3.4 we have 

tf(r) < fcoexp (^-(3 j\{p) U(R). 
Then, choosing C2 < 16, we get 

V(r) < ^k exp ^-pj*5( p ) V (R), (3.25) 
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for every r and R with r < qR such that (3.15) holds. 
Trivially, if r < qR and (3.15) does not hold, i.e., 



C 2 

then we have 



\Du\ G2rdX+ / U G^rdfJ, 
B r J B r 



+ supu 2 < 2M || v \\k n (b r )> 

B r 



. , 2M „ ll2 
^(r) < — || v \\ Kn(Br) ■ 



(3.26) 



UqR<r <R, then 



J r 



/%(,)*< log i; 

P JqR P Q 



hence 



exp | -0 jf <5(p) 
Therefore from V(r) < V(R) it follows that 



P 



V(r) < g^exp (-pj\{p) V(R) 



(3.27) 



Finally from (3.25), (3.26) and (3.27) it follows that, for every < r < R < ^ 



we have 



V(r) < fcexp ^[Kp) j^j V(R) + k \\ v \\ 2 Kn(Br) , 

where k = max j^r-fco, <?~^|- □ 

As a consequence of Theorem 3.1 we have the following estimate of the fi-energy 

£ M (r) d = I \Du\ 2 dx+ I u 2 dfi, < r < R 

J B r J B r 



Theorem 3.3. There exist two constants k > and f3 > 0, depending only 
on X, A and N, such that 



£ M (r) < ku(r,R) 



P. 



JV-2 



S^R) + kr N ~ 2 || v 



Cap ^(B 2R ,B 4R ) 



I Kn (B2r) 



for every <r <R< 

Proof. We proceed as in Theorem 6.5 of [2], having in mind that when in [2] it 
is used the estimate of the fundamental solution for the Laplace operator, we must 
use the estimate of the Green function. □ 
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4. Classical case 



Choosing a suitable p in Aio(fl) it is possible to obtain from a relaxed problem 
of the type (3.1) a problem equivalent to the following variational Dirichlet problem 

Lu = f inO 
where / G if _1 (0). 

Let £7 be a subset of M N . We denote with oo^ the measure of Mq(VL) defined 

by 

oo^mir/O if Cap (£n5)=0 
\ +oo otherwise 

and we consider the equation 

Lu + ooEU = f in O. (4-2) 

First of all we remark that if v G Lf oc (Q, ooe), then v = q.e. in O fl £\ Thus 
m is a local weak solution of (4.2) if and only if 

u G H\n) 

u = q.e. in On£ 



DuDv dx = / /u 
q in 

for every f G (O) with compact support in O and such that v = q.e. in O fl .E. 
In particular if S is a closed set, u is a weak solution of problem 

(Lu + ooEU = f in O 
I it = on <90 

if and only if u = q.e. in O fl .E and u\ nnE is a solution of 

Lu = f in O — E 
u G H^Q-E). 

Let O' be a bounded open set such that O' DD O. Consider the equation (4.2) 
in O', choosing £7 = O' — O. In this case u is a local weak solution of (4.2) in O' if 
and only if it is a solution of (4.1). 

If we consider the Wiener Criterion (Theorem 2.1) for this special case, we 
obtain exactly the classical Wiener Criterion for the variational Dirichlet problem 
(4.1). Actually it is easy to see that Cap^ (B p , B 2p ) = Cap(£? p n CO, £?2p), for 
p small enough, and then the Wiener modulus at a point xq on the boundary of O 
is given by 



cu(r, R) = exp ^— J 



R 



Cap(ff p (z ) n CO, B 2p (x )) dp 
Cap(B p (x ),B 2p (x )) p 
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for every < p < R (with R such that B Ro (x ) C 0'), where CO = iR N - O. 

Moreover, if we consider problem (4.1) with / = v e 7^(0), by the estimate 
of Theorem 3.1 we obtain a continuity modulus estimate already proved by Maz'ja 
in [13]; by Theorem 3.2 we have the following estimate of the energy decay in terms 
of the Wiener modulus 

J Br ~ Ca P (B 2R ncn,B 4R ) y \ ' J r p*- 1 \ 

x / \Du\ 2 dx + kr N ~ 2 || v \\k n {b 2R ) 
J B 2 R 

{y is extended out of O in the trivial way), that holds for every < r < R and in 
dimension N > 2. 
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